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Abstract

The concept of continuity became an inspiration for the creation of topology. In the 20th
century, there were many attempts to generalize this concept. One such attempt was made by
the Polish mathematician Stefan Kempisty in the 1920s, when he introduced the concept of
quasicontinuity. Various concepts of continuity in topological spaces are defined and their
interconnections are examined. In this paper, we consider only Kempisty's quasicontinuity
for functions of several real variables, in order to give a new approach to these functions
regarding various applications in many fields of technical sciences. New proofs are provided
for three of his fundamental theorems from his original work. A new generalization of
Kempisty's theorem is made with three new theorems, each of which is individually stronger
than Kempisty's theorem and which address the issues posed by his theorem. Two of these
theorems, in general form, were proved by J. Ewert, who obtained them while examining
multiplied functions, but the proofs given in this paper do not utilize the mentioned results of
J. Ewert.

Keywords: quasicontinuous function, symmetrically quasicontinuous function, upper
quasicontinuous function, lower quasicontinuous function, equally quasicontinuous functions.

INTRODUCTION
The concept of continuity has played a significant role in the development of
mathematical analysis, but also beyond it. In fact, it can be said that thisconcept became an

inspiration for the creation of topology.
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In the 20th century, there were many attempts to generalize this concept. One such
attempt was by the Polish mathematician Stefan Kempisty in the 1920s, who introduced the
concept of quasicontinuity. In (Seweryn-kuzmanovska and Chalamani 2014), various
contcepts of continuity in topological spases are defined and their relationships are ehamined.

The purpose of this paper is to give a new insight of Kempisty's quasicontinuity in
light of modern topological terminology. We use his original work (Kempisty 1932), but we
have replaced many of his proofs with our own. This applies to the proofs of Theorems 2.1,
4.1, and 4.2. Additionally, one of theorems shown by Kempisty in (Kempisty 1932) has been
replaced with three Theorems: 5.1, 5.2, and 5.3. Each of these theorems is individually
stronger than Kempisty's theorem and addresses the issues posed by his theorem. As we
know, two of these Theorems, namely 5.2 and 5.3, were proved in a general form in the
works (Ewert 1982) and (Ewert 1984) by J. Ewert, obtained while Ewert was examining
multifunctions. However, the proofs provided in this paper do not utilize the aforementioned
results of J. Ewert.

QUASICONTINUOUS FUNCTIONS

Let (I be a set of real numbersand let " is n-dimensional Cartesian space.

Definition 2.1. In space [1", the set of form:

n

P:(ai’bl)x(azibz)x'“X(an'bn)ZH(ai’b‘)

i=1

is called openn-dimensional interval.

All intervals considered here will be non-degenerate, i.e.a, <b fori=12,...,n.

Definition 2.2. A neighborhoodV, of the pointx=(x,,X,....,X, ) is any interval of form
(% =X +1)x (% =1, X, +1)x...(X, =1, X, +T).

Let f:C"—0O be an arbitrary function. The notion of quasicontinuity, introduced earlier
in (Seweryn-Kuzmanovska and Chalamani 2014) (Definition 2.1), here we define as follows:

Definition 2.3. A function f:I"—>[ is called quasicontinuous at the point
x° =(x1°,x2°,..., xn°), if for an arbitrary >0, there exists an interval in every neighborhood of
that point, in which the inequality

‘f(x)—f(xo)‘«s

A function f:0 — 0O continuous from one side at some point, isquasicontinuous in that
point.

A function f:[?—[C continuous at a point in the direction of some angle (with vertex
located at the same point), is also quasicontinuous.

A function f:C"—[ that is quasicontinuous everywhere is obviously pointwise

discontinuous, but there are pointwise discontinuous functions that are not quasicontinuous.
An example of such a function is the characteristic function of a finite set of points.

Note 2.1. If in every interval there is a point of quasicontinuity, then the function f:0" —>[
is also pointwise discontinuous.
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Proof. LetU <1 "be a non-empty open set. We will show that within the set U there exists a
point of continuity of the function f.

Let P, be a closed interval that is contained in U.According to the assumption, there exists
the pointx, e IntR, which is a point of quasicontinuity of a function f. Then, there exists a
closed interval P, — IntP, such that for each point x P, the inequality holds:

(%)= f(x)<1.
Let x, e IntP, be the accumulation point of the function f. Then there exists a closed
interval P, c IntP, such that for each point x € P, the condition is satisfied

1
|f (x)- f (x1)|<§.
Proceeding in the same way, in the k -th step of mathematical induction we find a point
x, € IntP, and a closed interval B, — IntR, such that for each point x P, , holds:

1
[ (x)-f (X1)|<K'
Without losing generality, it can be assumed thatd (P, ) < %
Let x, be a common point for all intervals R, (k=1,2,...). Itis easy to see that the function
f is continuous at the point x,. ¢

We will prove the following

Theorem 2.1. If a function f :C " — [ is quasicontinuous with respect to every variable, then
f it is quasicontinuous.

Proof. First, let suppose that n=2.We consider the function f :[ * >[. Let(x,,y,)ell%is a
fixed point ande> 0. Let Vi =19 is a neighborhood of the point (x,,y,) where 1, J are
open intervals. Since the function f is quasicontinuous with respect to x, there is an open
interval 1, < | such that

|f(x,yo)— f (xo,y0)|<§,for x € I,.

Since all functions f, (t)=f(x,t) are quasicontinuous, then for each xel, there exists an
open interval J(x)<J with endpoints rational numbers such that

[ (x%) = F(xy) <5 foryeJ(x).

The set of open intervals with rational endpoints is countable. Then there is an interval
J,=J such that the set {xeI,|J(x)=J,} is of the second category. Hence, there is an open
interval 1,1, such that the set A={xel,|J(x)=J,} is dense in I,. Let U=1,xJ, and
(x,y;)eU. Then,

HEBARIENA B

Hence, it follows the quasicontinuity of the function f at the point (x,,y,). Indeed, otherwise
we would have

|f (%, )~ f (Xo’yo)|28(1)

and according to the quasicontinuity of the function f* (t)=f(t,y,)in point x, would exsist
an open interval I; c I, such that
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LHESARS (xl,y1)|zgforx € I5.

However, from the density of the set A in I, it follows that there is a point x,e Anl, and
therefore

€

‘f (X3’y1)_ f (XO’yO)‘S‘f (Xsiyl)_ f (X31YO)‘+“ (X31YO)_ f (XO’yO)‘<§+E:81

which is the opposite of (1).
For a function f:0" —[,that is quasicontinuous with respect to each of the variables

X, %, X,,, WE can apply the above procedure for the variables x, and x,, then for the point
(x.,%,) and the variable, x;, and finally we can complete the proof by applying this
procedure to the point (x,,x,,...,x, ;) and the variables x,.

Since every quasicontinuous function is point discontinuous, it follows that a function that
IS quasicontinuous with respect to each of the variables is point discontinuous. ¢

Corollary 2.1. Theorem shown by (Hahn 1921). A quasicontinuous function with respect to
each of the variables is point discontinuous.

SYMMETRIC QUASICONTINUOUS FUNCTIONS

We say that n-dimensional open interval
P :(al’bl)x(aZ’bZ)X“'x(an’bn)
is intersected by the hyperplane x, =c (i=12,...,n) if a <c<h,.

Definition 3.1. A function f:C"—[ issaid to be symmetrically quasincontinuous with
respect to x; (i=12,...,n) at a point x° =(xf,x§,.. x°) if in every open neighborhood of that

1 A\p

point there is an interval intersected by a hyperplane x =x° in which
‘f (x)-f (xo)‘ <&

It is obvious that the function f :C" —[ is symmetrically quasicontinuous with respect to
x, and is quasicontinuous with respect to (x,,X,....,X, ).

A set that is defined by the conditions:
a<x<b 3ai=12...,n-1
X, =C
is an interval on a hyperplane x, =c.

If f:0" >0 issymmetrically quasicontinuous with respect to x,, then each interval of the
hyperplane x, =c contains the point of symmetric quasicontinuity with respect to x,, i.e.

each interval of this hyperplane contains the point of continuity of this function. Thus, the
function f:0* > which is symmetrically quasicontinuous with respect to y has the

following properties:
i) is quasicontinuous with respect to x,
ii) Any interval parallel to the x-axis contains a point of continuity of the function f.

None of these properties in particular is sufficient for the function to be symmetrically
quasincontinuous with respect to y. Hence here are the following examples:
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Example 3.1. Let
1, if y is arational number

f(xy)= L :
0, if yisan irational number
A function f:C? -0 that is defined in this way satisfies the property i), but it is not

quasicontinuous at any point (x,y), and therefore itis not symmetrically quasicontinuous at
any point.

Example 3.2. We consider a function f :[ > —[ which is defined as follows:
0, ifxisirrational

P

Fey)=1L P
q q

, p,gmutualy prime numbers’

The function f is continuous at any point (x,y), where x is a rational number. It also
satisfies the propertyii), but it is not symmetrically quasincontinuous with respect to y at the
point (x,y), where xis a rational number.

Note 3.1. Any function f:0* —»[ that satisfiesboth of the properties i) and ii) is
symmetrically quasicontinuous with respect to vy.
Proof. Let e>0 and (x,y)el? Since the function f is quasicontinuous with respect to x,

there is an interval (a,b)c(x—¢ x+¢) such that for anyue(a,b)the following inequality
holds

€
‘f (u,y)-f(x, y)‘ <3
In the interval (a,b)x{y} there is a point of continuity of the function f.
The function f satisfies the property ii) which means that there is ac e(a,b) such that the

function f is continuous at the point (c,y). Hence, there exists a nonempty neighborhood
U of the point (c,y), such that for each point (u,v)eU we have

| (uv)—f(cy) <§.
Using the previous inequalities, we obtain:

| (uv)=F(xy)|<|f(uv)-f(cy)+f(cy)-f (x,y)‘<§+§:s. ¢

Since every continuous function is alsoquasicontinuous, we get a generalization of Note
shown by V. Volterra (Volterra 1881), which means that every function f:C* -0, that is

continuous with respect to x and that has points of continuity in every interval parallel to x-
axis, has a property that we here call quasicontinuity.

We will prove the following theorem:
Theorem 3.1. Any function f:0? —[ that is continuous with respect to x and yis

symmetrically quasicontinuous with respect to an arbitrary of the variables.
Proof. Lete>0,3>0 and let(x*—3,x"+8)x(y°~8,y°+85)is a neighborhood of the point

(xo, yo).
Since the function f is continuous with respect to the variable x, then we can determine
the positive number o <& that depends on ¢ and such that for |x— x°| <o We have

‘f (xy°)-1 (xo,yo)‘<§.(3.1)
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Wedenote the setF,of numbers x of the closed interval [Xo—a,xo+a] for which the

inequality |y - y°|s§ entails
p

‘f(x,y)— f (x,yo)‘sg.(S.Z)
Since the function f is continuous with respect to x, then the set F is closed.
However, the function under consideration is also continuous with respect to y, and
therefore every point of the closed interval [xo —a, x° +a] belongs to one of the sets F,. At
least one of those sets, for example, F, , is not nowhere dense and as closed must contain the

interval (a,b). Let S be a rectangle (a,b)x(yo—i,y°+i} It is contained in the given
Y

0 pO
neighborhood and even more it is symmetric with respect to the lines y = y°.
Since for each point of the rectangle the inequalities (3.1) and (3.2) are satisfied, then

‘f(x, y)—f (xo,yo)‘s‘f (xy)-f (x, yo)Mf (x, yo)— f (x°,y°)‘<%+§:a.

Hence, the function f is continuous with respect to (x,y) and symmetric with respect to y in
the point (x°,y°).

The following theorem, which is more general than the preceding one, will be proved by
contradiction.
Theorem 3.2. If a function f:0? —»[ that isquasicontinuous with respect to xis continuous

with respect to y, then f it is quasicontinuous with respect to (x,y) and symmetric with
respect toy.
Proof. Itis sufficient to modify the proof of Theorem 2.1. ¢
Example 3.3. Let
f(x,y):{l for szandy.zo |
0 for the other points
The function f is quasicontinuous with respect to each of the variables, but it is not
symmetrically quasicontinuous with respect y at the points (x,0) for x>0.

Therefore, in the Theorem 3.2 we cannot substitute continuity with respect to y with
quasicontinuity.

Using the above theorem successively for variables and systems of variables, we conclude
that a function f:C"—[ continuous with respect to each of the variables x,x,,...,x, Is
quasicontinuous with respect to (x,, x,,...,x,) and symmetric with respect tox (i=12,...,n).

Since every function that is symmetrically quasicontinuous with respect tox, (i=12,...,n)
has points of continuity in every interval of the hyperplane x =c, then the continuous

function with respect to each of the variables, is point discontinuous, since there are points of
continuity in every interval of the hyperplane x, =c.
This is a well-known conclusion as a final Note shown by M. Hahn (Hahn 1921).
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QUASICONTINUOUS FUNCTION FROM UPPER AND LOWER

Definition 4.1. A function f:0"—0[ is called upper (lower)quasicontinuousat a point
X’ =(x,%;,....x7) if for an arbitrarily £>0, in any neighborhood at that point there is an

1 A\p

interval in which
FX)<F(X)+e (F(x)> F(x)—e).

A function f:0 —0O that is upper (lower) semicontinuous on one side, is also upper
(lower) gquasicontinuous.
Specifically, a monotonic function is everywhere upper and lower quasicontinuous. If the

function has onesided limits at a certain point, then it is upper and lower quasicontinuous at
that point.

From the definitions mentioned above, it follows that a quasicontinuous function must also
be upper and lower quasicontinuous, but the converse theorem does not hold. For example,
the function f:00 —0 such that

lim f(x)<f(x))< lim f(x)

0~ o*
X=X X=X

is not quasicontinuousat the pointx?.

Theorem 4.1. If a function f:0" —[ is everywhere upper quasicontinuous or everywhere
lower quasiontinuous, then f is pointwise discontinuous.
Proof. Without losing generality, we can assume that a function f is bounded and
everywhere upper quasicontinuous. Otherwise, we can consider a function arctan f that has
the same set of points of continuity as the function f.

Let VcO" be a non-empty open set. Let us show that in the set vV there is a point of
continuity of the function f.Letm, =inf f (x). There is a point x, €V such as

fx)-m <1
Since the function f is upper quasicontinuous at the point x, then there is a closed
interval B <V such that for each point xe R,

f(x)—f(x)<L
and we haved(R,)<1.
Let m, = inf f(x). Thereisapoint x, € IntR, such as

xelnth;
1
f(x)-m,<=
(%)-m, <
and there is a closed interval P, — IntP, such that for each point xeP,,
f(x)-f(x)<5 and d(R)<>.
In general, in k -th step we find the point x, € IntP,_, such that

1
f - T
(%) mk<k

where m = inf f(x) and there is a closed interval B,  IntR,_, such that d(Pk)<% and for

xelnth,_;

each point xeP, ,

f(x)—f(xk)<%.
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Let x,is a common point of the intervals B, (k=12,...). It is obvious that x, eV and the
function f is continuous at the point x,. Indeed, for any >0, there is a number k such that

§<e. Then x, € IntR, and
f(x)=m = inf f(x).

xelnth,_;

For each point xePR,,
f(x)—f(xk)<% and f(xk)<mk+%.

As a result, for each point x e P, the following inequality is applied:
£ ()= F (%) <[ F(X)= ()| +] (%)= F (%)<

1 2 3
f —f f -m|<—+—=—<g., ¢
< ()= f (%) +|f (%) k|<k+k o <E
Theorem 4.2. If a function f:C" —[ is pointwise discontinuous, then f is upper or lower
quasicontinuousat each point.
Proof. We fix the point xeR". Let U, be a descending sequence of neighborhood of the
point x for which:

Ui =1{x}.
k=1
Since the function f is pointwise discontinuous, then inside each neighborhood U, there
IS a point x, which is the point of continuity of the function f. As a result, for each

k=12,... exists a neighborhood V, of the point x_, such that the x eV, inequality holds for
each

1
f(x)—f(x ) <—.
Without losing generality, let assume that there exists lim f (%) (finite or infinite).

Otherwise, we will restrict it to some subsequence.
There are the following options:

f(x)zlli_r)pof(xk) or f(x)<|!i_rl10f(xk).

In the first case, the function f is upper quasicontinuous at the point x, and in the second
case it is lower quasicontinuous at the point x. ¢

Repeating the procedure from the proof of Theorem 2.1 we can prove the following theorem:

Theorem 4.3. If the function f:0?* —[C is quasicontinuous with respect to xand upper
quasicontinuous with respect toy, then f is upper quasicontinuous with respect to the point

(xy).

Using the fact that a pointwise discontinuous function is upper or lower quasicontinuousat
each point, and slightly varying the proof of Theorem 2.1, we obtain:

Theorem 4.4. If a function f:0%—[C is pointwise discontinuous with respect to x
andquasicontinuous with respect toy,then f is quasicontinuous at the point (x,y) at each
point of continuity with respect to x.

Corollary 4.1. For a function of two variables to be pointwise discontinuous in a plane, it is

sufficient to assume that it is quasicontinuous with respect to one of the variables and
pointwise discontinuous with respect to the other.
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Using the Theorem 4.4 for x, and (x,,x,....,x,) and using Theorem 2.1, we note that a
function f:0" —»C of n variables x,x,,...,x, that is pointwise discontinuous with respect to

x, and quasicontinuous with respect to each of the other variables, is pointwise
discontinuous.

EQUALLY QUASICONTINUOUS FUNCTIONS

Definition 5.1. A function f :['" —[ that belongs to the family {f,} . (s is an index set)

are called equally quasicontinuous, if for arbitrary >0 and for an arbitrary neighborhood of
the point x°, there is an interval that is contained in that neighborhood and in which the
inequalities are fulfilled:

f,(x)- fS(XO)‘<s 3a ses.

Therefore, a continuous function and a quasicontinuous function are equally
quasicontinuous. It is obvious that the sum of two equally quasicontinuous functions is
quasicontinuous.

When the same concept proof of Theorem 2.1 is repeated, it is obvious that:

Note 5.1. If a function f:0* > u g:0°—0[ are equally quasicontinuous with respect to

x and discontinuouswith respect to y, then f andg are equally quasicontinuous with respect
to the point (x,y).

When a substitution is made in Note 5.1:x to x, and y to x,, than xto the point(x,x,)
and y to x,,and finally xtothe point(x,,x,,...,x,;)and ytox,, we have the following
Corollary 5.1. If functions f:0" —[ and g:['" —[ are continuous with respect to each of
the variables, then f and g are equally quasicontinuous with respect to the point

(X4 X 1o X ).
Theorem 5.1. If functions f, :[" -0 (k=12,...) are equally quasicontinuous and 1im fo="f,

than the function f is quasicontinuous.

Proof. We fixa point x e R"and a numbere > 0. LetU be a neighborhood of the point x.

Since the functions f, are equally quasicontinuous at the point x, then there is an open
interval vV < U such that for each number k and each point teU the inequality holds

£ (t)~ f, (x) <§.

Also, for every k we have
f(x)-f z
[1,00- 1 (0] <
As a result, for each number k and each point t eU stands:
(0= (011 (0)= (O] £ (0) )]+ f (0= £ (3] <

<|f(t)- fk(t)\+§+\fk(x)- f(x)).

Letting k — oo we have

147



|f(t)—f (x)|<§<s. .
Theorem 5.2. If functions f, :[" —[ (k=12,...) are equally quasicontinuous and lim fo="f,
then the function f pointwise discontinuous.

Proof. It suffices to show that for any nonempty open set v and each number ¢>0, there is
an open intervalu <V such that for each xand y that belong tou the inequality holds

£ (x)-f(y)<e.
Let V Dbe an open setand let €>0. Sincelim f. = f,for each point xeV there is a natural
number k(x) such that for each k >k(x)hold

[ (0= f ()] <5

Since V =|_JV,, where V, ={xeV|k(x)=k}, then at least one of the sets V, is nowhere
k=1

dense. Lets chose this set to beV, . Then, there are an open interval U Vv where the setV, is
dense inu. Hence, for each point xeU NV, the inequality holds

|, (x)- F(x) <§.

Let x e IntU. Because the function f, is quasicontinuous in the pointx, there is an open
interval Z < IntU such that for each tez

|, ()=, (X) <§.

Then, for eachu,veZ:

|, ()= T, (V)| <[f, (W)=, ()] +]fi () -, (v)\<§+§:§ .

Letm=>k,.Then
£, (u)= f, (V)| <.
Really,ifu,v eV, them
1(0)= £ )] (0) £ W+ ()= 6, )+ 5, (@) 1, )+
+‘ f, (v)—f (v)‘+‘f (v)-f, (v)‘ <E P ELE R

If u,veV, , then, since the set V, is dense in U and the function f is quasicontinuous (a

quasicontinuous function is nearly continuous), there are sequences {u,},{v,} of both
elements of the set V, ~Z convergent respectively to u and v,and such that

f(u)—> f(u)and f (v ) f(v).
As aresult, for k=1,2,... we have

£, (u)- (v )| <,
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i.e. we have:

lim|f, (u,)— f, (v )| =] . (u) - £, (V)| <e.

k—o0

The proof will be completed if we put m — oo in the above inequality ¢
Theorem 5.3. If the functions f,:[" —[ (k=1,2,...) are quasicontinuous and the sequence

{f.} is uniformly convergent to the function f,then f is a quasicontinuous function.
Proof. We fix the point xe[ ", number &>0 and the open neighborhood U of the point x.

From the uniform convergence of the sequence {f,} it follows that there is an index m
such that

|fm(x)—f(x)|<§ for eachxell".

Since the function f_ is quasicontinuous at a point x, there exists a nonempty open set
V cU such that

|, (u)= £, (X)) <% for eachuev.

Therefore, for ueV
£ (u)— £ (%) <] f ()=, ()] +] £ (U) = £, ([ +] £ ()= £ (X)| <242+ 2=,

i.e. the function f is quasicontinuous at a point x. ¢
Note 5.2. A composition of quasicontinuous functions does not have to be a quasicontinuous

function.

Example 5.1. Consider the functions f :0 —0 and g:0 — O defined by:
0 if x=0 0 if x=0

X if xell” x+1 if xell”
f(x)=4-x if xel” andg(x)=4-x-1 if xel”
—x+1 if xell —X if xel™

x-1 if xel” X if xel”
Note that composition go f is defined by:

0 if x=0

x+1 if xell”

(go f)(x)=9—x if xel®

—x+2 if xell~

x=1 if xel”

The function f is quasicontinuous at the point x, =0, the function g is continuous at the
point f(x,) and the composition g f is not quasicontinuous at any point.
Theorem 5.4. If the function f:0 — 0O is quasicontinuous and the function g:0 —0 is
continuous, then the composition go f is a quasicontinuous function.

Proof. Let x,€ll, y,=f(x) and z=g(y,). We can show that the composition go f is
quascontinuous at the point x,.
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Let V be the open neighborhood of the point z, and let U be the open neighborhood of the
point x,. Since the function g is continuous, then g™ (V)=W it is the open neighborhood of
the point y,. Since the function f is quasicontinuous at a point x,, then there exists a non-
empty open set Z cU such that f(Z)<W. Therefore, g(f(Z))cV. ¢
Note 5.3. There is a quasicontinuous function f :0 — [ and a continuous function g:[J —[
such that composition f o g is not a quasicontinuous function at every point.

Example 5.2. Consider

1 if x>0
f = =x2
(x) {x if x<0 and g(x) X
for xell.
Then
0 if x=0
fo =
( g)(x) {1 if x#0

IS not a quascontinuous function at the point x =0.
Note 5.4. If f:0 —0 is a continuous function, and g:00 —0 is a homomorphism, then

f o g is a quasicontinuous function.

The proof is obvious.

CONCLUSION

The main goal of the presented paper, was to examine the basics of Kempisty theorems
and to give a new and modern approach in proving these theorems. This purpose was
established with hope that this approach will give easier way to use the underlying
mathematical models in various applications. Models including quasicontinuity of many
variables are widely used in many technical fields, such as Control systems (Estrada and
Fridman 2008), (Polyakov and Chairez 2014) Thermodynamical systems and heat transfer (Kane
and Northrop 2023), (Kick, Jantos and Junker 2022) as subjects of our scientific research.
Furthermore,quasicontinuous functions have several applications in other technical fields such
as: optimization problems, computational modelling, stress and strain analysis, vibrations etc.

REFERENCES

1. Seweryn-Kuzmanovska M., Chalamani S. 2014. “Different notions for continuity”, Horizons,
ISSN, Vol 1, 33-32

2. Kempisty, S. 1932. “Sur les functions quasi-continues” [On quasi-continuous functions],
Fundamenta Mathematicae 19, 184-197.

3. Ewert, J. 1982. “On quasi-continuous and cliquish maps with values inuniform spaces”,
Bulletin of the Polish Akademy of Sciences Mathematices 32, Nr 1-2, 82-88.

4. Ewert, J. 1984. “The invariance of baire spaces under l-quasi-continuous maps”, Stupskie
Prace Matematyczno-Przyrodnicze 3, 3-9.

5. Hahn, M. 1921. Theorie der reellen Funktionen, Berlin.

6. Volterra,V. Alcune Osservasioni sulle Funzioni Punteggiate Discontinue, G. di Mat., 19.
1881, 76-86; Opera Math. di Vito Volterra, Accad. Naz. dei Lincei, Roma, 1. 1954, 7-15.

7. Estrada, A. and Fridman, L. 2008. “Quasi-continuous HOSM control for systems with
unmatched perturbations”. In 2008 International Workshop on Variable Structure Systems.
IEEE. 179-184, 2008.

150



8.

9.

10.

Polyakov, A. and Chairez, I. 2014. “A new homogeneous quasi-continuous second order
sliding mode control”. In XVI Congreso Latinoamericano de Control Automatico.

Kane, S. P. and Northrop, W. F. 2023. “A Quasi-Dimensional Model of Heat Transfer
between Multi-Concentric Monolith Structures. Thermo”, 3(4), 515-536.

Kick, M., Jantos, D.J., Junker, P. 2022 “Thermodynamic topology optimization for sequential
additive manufacturing including structural self-weight”, Civil Engineering Design 4 (5-6)
Philipp Junker's Lab

https://www.researchgate.net/publication/366140528 Thermodynamic_topology optimizatio
n_for_sequential_additive_manufacturing_including_structural_self-weight

151


https://www.researchgate.net/journal/Civil-Engineering-Design-2625-073X?_tp=eyJjb250ZXh0Ijp7ImZpcnN0UGFnZSI6InB1YmxpY2F0aW9uIiwicGFnZSI6InB1YmxpY2F0aW9uIiwicG9zaXRpb24iOiJwYWdlSGVhZGVyIn19
https://www.researchgate.net/lab/Philipp-Junker-Lab?_tp=eyJjb250ZXh0Ijp7ImZpcnN0UGFnZSI6InB1YmxpY2F0aW9uIiwicGFnZSI6InB1YmxpY2F0aW9uIiwicG9zaXRpb24iOiJwYWdlSGVhZGVyIn19
https://www.researchgate.net/publication/366140528_Thermodynamic_topology_optimization_for_sequential_additive_manufacturing_including_structural_self-weight
https://www.researchgate.net/publication/366140528_Thermodynamic_topology_optimization_for_sequential_additive_manufacturing_including_structural_self-weight

